[Terry Lee]

Extension 2, 2022

Multiple Choice

1 A) 1<x<3and30°<8<60°.
2D)Line4,as (a+2)’ =2 < a+2==%2.
3 B) If AP # A AB then P is not on the line 4B,V € R.
40)x - +x-1=x"(x-D+(x-1)=(x=1)(x* +1),
. x—1 1
s = , X
(x-D(x*+1) x*+1

#1,
%dx =tan"' x, not logx.
x +1
* d
50) [ £t =g & (g0) = ()
If(x)g(x)dx = Iudu =%u2, where u = g(x)

1 2

[ regeas =gl
6 A) Letz:x+iy,.'.;=x—iy and iz = —y +ix.

Then z =iz when x = -

Note that (B) is impossible as ‘zz‘ is real, (C) is

impossible as — y # y and in (D), arg(z’) = 3arg(z).
7 D) The statement is false, e.g. 3 is prime but 3x4 =

6 is not prime.

. ) . .
The converse is: If @ is a prime number then n

is a prime number.

As n(n +1) is the product of 2 consecutive numbers,

n(n+1)
2

.. it's always even. .. is always even for n > 3,

i.e. it is not a prime number.

nn+h) is prime only when n =2, which is a prime

number.

.. The converse is true.

0 X X 5
8 B) —kv| |=m| _|, as —mg—kv' =ma,
—mg y y
wherev=(_]anda=(“j.
y y

9 D) S, is a sphere of diameter AB and S, is the
perpendicular bisector plane of AM. .. The intersection

is a circle of centre N at the midpoint of AM, radius

NO.

A N M B

NQ*=MQ* - NM*

1o]-{1v]

=—AB’.
16

S NQ = gAB.
10 C) If the particle is initially moving downwards,
ma = mg — mkv

a=—=
dt

g—kv

Terminal velocity occurs when ¢ =0,..v = %

If its initial velocity < %, it will increase until = %
If its initial velocity > %, it will decrease until = %

.. Both (A) and (B) are wrong.
If the particle is initially moving upwards,

ma =—mg — mky

dv
a=—=—(g+kv
o~ &)
Yodv ! . L
'[ = —j dt, letting U be the initial speed
vkv+g 0
Talkote|_
k |kU+g
Jvte +e .
kU+g

v=%(i(kU +g)e” —g).

S Ast—> oo, v—> —% = the terminal speed. This

negative sign means the particle will reach the

maximum height, where v =0, then return to the

ground, eventually approach a terminal speed = %
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Question 11

3—i 3-i 2-i 5-5
(a) 2 t=2"x 0
240 2+i 2-i 5
(b) Let u = sin 2x,du = 2 cos 2xdx.

L P

jsinS 2x¢0s2xdx = %J‘Lﬁdu

4
u

=—+C
8
1.,
=—sin" 2x+C.
8

Szt
(©) (i) —\Bﬂ':zcis%”:ze 6
257

(i) (3 +i) =2% *

_ 1024ei(§+4x2ﬂ)

=1024e?
:1024(cos£+isin£j
3 3
=512+i51243.
(d) BAd=a—b=(i—j+2k)-(2j—k)=i-3/+3k
BC=c¢—b=(2i+j+k)-(2j-k)=2i-j+2k
BA.BC

cos JABC 2+3+6 11

. ZABC =33°, to the nearest degree.

o)1)}
y 5 2
{x:—6+3,u )

y=5+2u (2)
(1) x2—-(2)x3 gives 2x -3y =-27.

2
o, :y=§x+9.

(f) Lett = tan%,

dt =—sec* 2 d =ﬂdx,.'. X, = 2dt2'
2 2 1+¢
dx _ 1 2dt
jl+cosx—sinx_j -7 2t 1++¢°
1+ 1+2
[ dt
Ji-e
=In|l-4|+C
:1n1—tan%+C.

B ‘EH%‘ T 1x9+9va+144 71

Question 12
(@) (a —/b)’ 2 0.
a+b-2Jab >0.

“;bz@.

dv
b) a=—=12-6t.
(b) a I

j dvzj (12— 6t)dt
0 0
v =12¢-3¢"

Maximum velocity occurs when a =0,.". t = 2.

x 2
j dx:'[ (12t =3¢%)dt, sincev:@.
0 0 dt

2
x:[6t2—t3J =24-8=16.

0

dv dv
() ma=v—=—(v+3*), asm=la=v—.
() () = (r+37) o

ﬂ:—(l+3v)

dx

[ dv *
ii ——=—| dx
( )Iul+3v JO

1. [1+3v
—In

30 |1+3u
l1 1+ 3u

3 143y
4+ x A

= =+ ,
(1-x)4+x*) 1-x 4+x°

=—X.

where 4 = lim

(d)

=1 44 x?

Extension 2, 2022

Bx+C 4+x

:1’

B =1 by equating the coefficients of x* and C = 0 by

equating the constants.

4+x zdx:I -1 dx+J. xzdx
2 (1=x)(4+x%) > x—1 24+ x

n

:[—ln|x—l|+%ln(4+x2 )}

2

:[—%ln(x—l)2 +%ln(4+x2)}

1{ 4+x° }
=—|In >
20 (x-D7 ],
2
:l In 4+n2—ln8
2| (n-1)

1 4+n?
—n—-—-.
2 8(n-1)

s f(m)y=4+n’.
20-1 e &’—e™ 2isin®

e’ -1 e
e’ +e™®  2cosé

612€+1 6129+1 e i0

which is purely imaginary.

n

2

itan @,
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Extension 2, 2022

Question 13

(a) We'll prove by contrapositive, i.e. if n is even, where n > 3,

then 2" —1 is not a prime number.
Letn =2k, where k > 2,
2" —1=2%-1
=(2") -1
= (2" +1)(2 -1).
.. 2" —1is not a prime number, as it is a product of 2

numbers, none of which is equal 1, for £ > 2.

_2COSZ:2X£ \/5

(b) Letn=1,a . True for n =1.

Assume a, =2cos—— G — for some value of n.

=2cos——

n+l 2n+2

Required to prove that a

LHS=a,, =+/2+a,

= /2+2005%

=2cos—— = RHS.
2m

.. It is true for all n > 1 by the principle of Induction.
w+2krx

(©) (i) ¥~1 = (cis(z + 2k7z))§ = cis

Sz= cis(ifj,cis(izj,—l.
5 5

(i) 2° +1=(z+1)(z* -2’ +2° -z +1)

,k=0,%1,12.

If z is a solution of z° + 1 = 0 and z # —1 then z satisfies

P+ —z+1=0.

z* —z+1—l+ > =0, on dividing by z*, noting z # 0
z z

then z* +i:u2 -2.

. 1
u' —u—1=0, letingu =z +— 5

z z
(iif) Let z = cis%[,z+l = 2cos3?”.

z
1+1+4 1445
2 2

Solving u” —u—1=0 gives u =

kY4 1—\/§
S.2c08— =
5 2

kY4 1—\/§

4

, since 0053?” < 0 (2nd quadrant).

Question 14
(a) (i) Assume A # 0, dividing both sides of Au + u; =0 gives

u= _Z;’ i.e.u and v are parallel. The same argument

applies by assuming g # 0.
By contradiction, A = u = 0.
(i1) Arranging /11;4 + ,ul; = /12; + ,uz; gives
(A —/”LZ)LQ4+(,u1 —yz);zo.
. From part (i), 4, = 4, and 4, = 11,
(iii) SK = kSL
= k(STB+ﬁ)
= k(S—B+£EI)
= kSB+kt(SC - SB)
=k(1-¢)SB+k(BC.
From data,k(l—ﬁ)z% )

and k(¢ = % (2

Q glve i:é
(2) ¢ 4
4=7/0
4
>
- BL=-2BC

7

/=

(iv) AP =—-64B—-8A4C
= ~64B -8( 4B+ BC)
=—-144B-8BC
=—14[ZE+EEEJ
7
= —14(@ + ﬁ)
=—144L.

.. Point P belongs to the line AL.

(b) (i) J, = Ll e dx

]

=1-—.
e

1 1
(i) J, = j x"e"dx < I x"dx, since 0<e ™ <Ifor0<x<1

0 0

n+l 1
T <X 1
T T i+ . n+l
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—X

(iii) Let u = x",dv=e"dx thendu = nx""',v=—e

By Integration by parts, forn > 1,
1

1
J, = [—x"e”‘} + nI x" e dx
0 0

1
=—-—+ n']nfl
e

(IV) ']n = n‘]n—] -
= n((n -0J, ., —lj—l
e e

=n(n-1J,_, —l(l +n)
e

n!f 1 1
=n(n-1J,_, _:(E-F (n—l)!J

|
SN N W AL SN SR |
eln! (n-1! 1!

n'G 1
=nlJ, -2y —
€ rlr'

' n
—n'(l—lj—n— 1
e e or!
—n'——Z— forall n>0.

rOr

Note: [ have chosen not to prove by Induction.

nl&G 1 1
Wnt-2y —<—
er! n+l
1—l l< !
eimr! nl(n+l)
11 1
Y =<
er! (m+)!
AanZO,Vn,whenn—)oo,OSl—l ls
e,:()}"

| —lzi =0, by the sandwich principle.
€ =0

r'
AL
"e,Z:;‘r! 1

<N |
€=§;.

Question 15
(a) (1) Resolving the forces

horizontally, 7, cos @ =T, cos ¢ )
vertically, 7, sin@ —T, sin¢ — Mg = Ma = 0, as the machine

moves upwards with constant velocity.

ST sin@ =T, sing+ Mg 2)
@ gives tanf =tan g+ Me . 3)
) T, cos
(i1) From (3),tan @ > tan ¢, since > 0.
T, cos ¢

{ _h
S>>

d 2d
20>h—-1{
l> ﬁ

3

h—1< %, .. the machine cannot be lifted higher than %

1 1 27r

(b) Period = ——— .n=807.
Frequency 40 n
Centre of motion = @ =0.11m

Py =-n*(y-0.11)
Max. acceleration occurs at y = 0.05 and 0.17 m.
Prae =—1°(0.05-0.11) = 0.06n° = 0.06x (807).
. The maximum force = mj’_, = 0.8x0.06x (807)
= 3031 newtons.

(c) x = tan” @, dx = 2 tan sec’ 6d6.

When x =0,60 =0; whenx—l&—%

Ism f dx I51 1/ 2tan9sec 0do
x+1

:2I sin” (ta Hjtané?sec 0do
0 secd

= 2J.X @tan @sec’ 6d0.
0

Let u = 0, dv = tan Osec’ 6d0 then du = d6,v = %tam2 6

/= [etanz e? —Iitanz 0do
0 0

V4

:%—Jj(seczﬁ—l)dﬁ
:E—[tanﬁ—ﬁl)%

=21
2
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4

z

4

z

(d) |z| = z—£+i <

+

|z| <2 + since

[
o =2z -4<0.
(|2[-1) <5
5 <lz|-1=45
1-+/5 <|z| <1++/5.

z— 4‘ 2, by data.

Question 16
(@) Letd=z,=5+i,B=z, =a+5i,C=z, = f-5i.

AB rotated %: AC

(zB—zA)cisgzzC—zA

(a—5+4i)[1“fj B-5-6i
Equating the imaginary parts gives
ﬂ(a—5)+2=—6.
2
16
5=
NE]
_5_16
V3
16
SoZy=5——=+35i
LB

(b) My =—-Mg —0.1Mv
—(10+0.1v), taking g =10

dv 100+v

@10

J'v dv 1J~f1
e
L1004y 10Jo

[In(100+v)] =-0.14

Yo

100+v
100+ v,
100+v _ o0

100+ v,
dy

In =-0.1z.

= (100 +v,)e™" =100,

Idy j[100+v0 —100 Jat

0=-10(100+v,)[ ¢ ] =700
0=-10(100+v,)[ e —1]—700

(100+v,)[ e 1] =~
100+v, = % =139.05
v, =39.05=39.1to 1 dp.
(c) (i) For the rectangular prism of sides a,b,c, its volume
V = abc, and its surface area S = 2ab + 2ac + 2bc.
From given data, with n =3,

XXy

X X, +Xx,+X
2725 <, where 4= 2213

3
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3
+x, +
[fj . 0

Letx, =2ab,x, =2ac,x, = 2bc
3

(1) becomes S(abc)2 < §—7

s s

3

2
(ii) From the result above, V' < (%J ...V is maximum
3

.. S
when it is equal to (Ej .

If the rectangular prism is a cube of its sides = a, then

V=aand S =64°.

3 3

3 N

RHSz(EJZ I
6 6

.. The cube has the maximum volume.

(d) |zl| = |zz| = |z3| geometrically means these complex
numbers belong to the same circle of centre the origin.
Let |Zl| = |22| = |z3| =r.

Taking the moduli both sides of z,z,z, =1 gives

3 .

r’ =1, since |zlzzz3| = |zl||zz||z3|.

|Z1| = |zz| = |z3| =1.

.. z,,2, and z, are the roots of the equation with

Sum of the roots 2 o =z, +z, +z, =1 (given)

Product of the roots [Ta =z z,z, =1 (given)

Sum of the product of 2 roots at a time > af = z,z, + z,z,
1 1 - = —

42,2y = 22,2, | —+—+— | =2,2,2, ><(zl +2z,+2, )
Z3 ZZ Zl

=1><(zl+22+z3)=1><1=1.
z,,z, and z, satisfy the equation z* —z> +z—1=0.
zz(z—l)—i-z—l:O

(z2 +1)(z—1) =0.

z==iand 1.
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